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1. Preliminaries
In this paper all spaces are regular T1 and all maps are continuous. The symbol S is the ordinary convergent sequence
{0} ∪ {1/n: n = 1,2, . . .}. A non-trivial convergent sequence is a space which is homeomorphic to S. For a subset A of
a space X , IntX A stands for the interior of A in X .
On the motivation of each question considered in this paper, see [6].
2. Mizokami and Lin’s conjecture and σ -CF quasi-bases
In this section we answer to Questions 12 and 13 in [6]. First we recall some deﬁnitions.
Deﬁnition 2.1. A family B of (not necessarily open) subsets of a space X is a pseudo-base [8] if whenever K ⊂ U with K
compact and U open in X , there is B ∈ B with K ⊂ B ⊂ U . A space is an ℵ0-space [8] if it has a countable pseudo-base.
A family B of (not necessarily open) subsets of a space X is a quasi-base [1] if whenever x ∈ U with x ∈ X and U open in X ,
there is B ∈ B with x ∈ IntX B ⊂ B ⊂ U .
The notion of a pseudo-base introduced by Michael is important in the ﬁeld of generalized metric spaces. For instance,
Michael proved in [8, Corollary 11.5] that a space is a k-space and an ℵ0-space iff it is the quotient image of a separable
metric space. The notion of a quasi-base was introduced by Ceder to deﬁne M2-spaces.
Deﬁnition 2.2. Let A be a family of subsets of a space X . A is CF in X [10] if for each compact set K ⊂ X the family
{K ∩ A: A ∈ A} is ﬁnite. A is σ -CF in X if it is the union of countably many CF families in X . A is CF∗ in X [10] if
it is CF in X and moreover satisﬁes that whenever K ∩ A is inﬁnite for a compact set K ⊂ X and A ∈ A, the family
{A′ ∈ A: K ∩ A = K ∩ A′} is ﬁnite. A is σ -CF∗ in X if it is the union of countably many CF∗ families in X .
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closure-preserving family. The paper [5] contains results on spaces with a σ -compact ﬁnite pseudo-base and spaces with a
σ -hereditarily closure preserving pseudo-base.
Question 2.3. ([6, Question 12]) Let X be a regular space with a σ -CF∗ pseudo-base. Is X either an ℵ0-space or a space in
which all compact subsets are ﬁnite?
Mizokami and Lin conjectured in [11] that this question is true. They gave the following partial answer, where a space
is said to be perfect if each closed subset is a Gδ-set.
Theorem 2.4. ([11, Theorem 1]) A space X has a σ -CF∗ pseudo-base consisting of perfect subspaces of X iff either X is an ℵ0-space or
each compact subset of X is ﬁnite.
We show the question above is true.
Lemma 2.5. Let X be a space with a σ -CF∗ pseudo-base. Then the following hold.
(1) Every subspace of X has a σ -CF∗ pseudo-base;
(2) Every compact subset of X is metrizable;
(3) If X is not an ℵ0-space and contains an inﬁnite compact subset, then X is the union of countably many discrete subspaces of X
[11, Corollary 1].
Proof. (1) This is obvious.
(2) Let K be an inﬁnite compact subset of X . By (1) in this lemma, K has a σ -CF∗ pseudo-base B. Obviously B is
countable. Since every compact ℵ0-space is metrizable [8, Proposition 3.1], K is metrizable.
(3) This is due to Mizokami and Lin [11, Corollary 1]. 
Theorem 2.6. Every space X with a σ -CF∗ pseudo-base satisﬁes that either X is an ℵ0-space or each compact subset of X is ﬁnite.
Proof. Let B =⋃n∈ω Bn be a σ -CF∗ pseudo-base for X . Suppose that X is not an ℵ0-space and contains an inﬁnite compact
set K ⊂ X . By Theorem 2.4, X is uncountable. By Lemma 2.5(2), we may assume K is a non-trivial convergent sequence. Let
K = {a} ∪ {an: n ∈ ω}. By Lemma 2.5(3), X is the union of countably many discrete subspaces of X . Since X is uncountable,
we can take a discrete subspace D0 ⊂ X of cardinality ω1 with D0 ∩ K = ∅. For each x ∈ D0, take an open set Ux of X with
Ux ∩ D0 = {x}, and take Bx ∈ B with x ∈ Bx ⊂ Ux . Each Bx is a member of some Bn , so there are k ∈ ω and an uncountable
subset D1 ⊂ D0 such that {Bx: x ∈ D1} ⊂ Bk . Since Bk is a CF family in X , D1 has no convergent sequence to a. For each
n ∈ ω, take an open set Vn of X with V n ∩ K = {an}. If some Vn ∩ D1 is uncountable, ({a} ∪ {am: m > n}) ∪ (Vn ∩ D1) is
homeomorphic to the topological sum S⊕ D(ω1), where D(ω1) is the discrete space of cardinality ω1. By Lemma 2.5(1),
S ⊕ D(ω1) has a σ -CF∗ pseudo-base. But this is a contradiction in view of Theorem 2.4 (it is easy to show directly that
S⊕ D(ω1) does not have any σ -CF∗ pseudo-base). Therefore each Vn ∩ D1 is countable. Let D2 = D1 \ (⋃n∈ω Vn). Obviously
|D2| = ω1. If a /∈ D for some uncountable set D ⊂ D2, then K ∪ D is homeomorphic to S ⊕ D(ω1), a contradiction. Thus
a ∈ D for any uncountable set D ⊂ D2.
Now we deﬁne families C,D on the set D2. Let
C = {C : C is a countable subset of D2, and a /∈ C}.
For each n ∈ ω, let B′n = {B ∈ Bn: K ⊂ B}. Since Bn is CF∗ , B′n is ﬁnite. Hence B′ =
⋃
n∈ω B′n is countable. Let
D = {B ∩ D2: B ∈ B′}.
Claim.
(1) C is a family of countable subsets of the set D2 , and for each A ⊂ D2 with |A| = ω, there is C ∈ C such that |C | = ω and C ⊂ A;
(2) D is a countable family of subsets of the set D2 , and for each C ∈ C , D2 \ C =⋃{D ∈ D: D ∩ C = ∅}.
Proof. (1) Let A ⊂ D2 with |A| = ω. Since D2 does not contain any convergent sequence to a, there is an open neighborhood
U of a in X such that |A \ U | = ω. Obviously A \ U ∈ C . (2) Let C ∈ C and take an arbitrary point x ∈ D2 \ C . Since B is a
pseudo-base for X , there is B ∈ B with K ∪ {x} ⊂ B ⊂ X \ C . Then B ∈ B′ , B ∩ C = ∅ and x ∈ B ∩ D2 ∈ D. The proof of Claim
is complete. 
154 M. Sakai / Topology and its Applications 157 (2010) 152–156Finally we show the existence of such C,D on D2 is impossible. Let E be a subspace of the real line with |E| = ω1. By
way of a bijection of D2 onto E , we may replace D2 in Claim by E . Suppose E has families C and D satisfying (1) and (2)
in Claim. For each r ∈ E , let
D(r) = {D ∈ D: r ∈ D} = {Dn(r): n ∈ ω
}
.
If r ∈ (D0(r) ∩ · · · ∩ Dn(r)) \ {r} for each n ∈ ω, there are rn ∈ (D0(r)∩· · ·∩Dn(r))\{r},n ∈ ω such that {rn: n ∈ ω} is a conver-
gent sequence to r. By Claim (1), there is an inﬁnite subsequence {rn j : j ∈ ω} ⊂ {rn} with {rn j : j ∈ ω} ∈ C . By Claim (2), there
is D ∈ D such that r ∈ D and D ∩ {rn j : j ∈ ω} = ∅. For some k ∈ ω, D = Dk(r) ∈ D(r). Since {rn: n k} ⊂ D = Dk(r), this
is a contradiction. Thus there is n(r) ∈ ω with r /∈ (D0(r) ∩ · · · ∩ Dn(r)(r)) \ {r}. Hence there are rational numbers p(r) and
q(r) such that p(r) < q(r), r ∈ (p(r),q(r)) and (p(r),q(r)) ∩ D0(r) ∩ · · · ∩ Dn(r)(r) = {r}, where (p(r),q(r)) is an open interval
in the real line. Since D is countable, there are an uncountable subset E ′ ⊂ E , rational numbers p < q and D0, . . . , Dk ∈ D
such that for each r ∈ E ′ , r ∈ (p,q) and (p,q)∩ D0 ∩ · · · ∩ Dk = {r}. Take distinct r0, r1 ∈ E ′ . Then (p,q)∩ D0 ∩ · · · ∩ Dk = {r0}
and (p,q) ∩ D0 ∩ · · · ∩ Dk = {r1}, a contradiction.
Consequently we conclude that X is an ℵ0-space or each compact subset of X is ﬁnite. 
Let K(X) be the hyperspace of non-empty compact subsets of a space X with the Vietoris topology. It is noted in
[11, Proposition] that if Mizokami and Lin’s conjecture is true, then the statement in the following corollary is also true.
Hence we have
Corollary 2.7. A space X has a σ -CF∗ pseudo-base iff so does K(X).
Question 2.8. ([6, Question 13]) Let X be a regular space. Is X metrizable if it is a k-space with a σ -CF quasi-base?
After recalling some fundamental results on a σ -CF quasi-base, we show this question is positive.
Lemma 2.9. The following hold.
(1) Every compact space with a σ -CF quasi-base is metrizable;
(2) Every k-space with a σ -CF quasi-base is sequential;
(3) Let X be a Fréchet space with a CF-family B. If x ∈⋂{IntX B: B ∈ B}, then x ∈ IntX (⋂B);
(4) Every Fréchet space with a σ -CF quasi-base is metrizable [13].
Proof. (1) Let B =⋃n∈ω Bn be a σ -CF quasi-base for a compact space X . Since each Bn is ﬁnite, B is countable. Hence{IntX B: B ∈ B} is a countable base for X , thus X is metrizable.
(2) This immediately follows from (1) in this lemma.
(3) Suppose x /∈ IntX (⋂B). Then x is in the closure of X \ (⋂B). Take a sequence {xn: n ∈ ω} ⊂ X \ (⋂B) converging
to x. Let K = {x} ∪ {xn: n ∈ ω}. Each B ∩ K , B ∈ B, is an open set in K containing x and the family {B ∩ K : B ∈ B} is ﬁnite.
Hence
⋂{B ∩ K : B ∈ B} is an open set in K containing x. But ⋂{B ∩ K : B ∈ B} = (⋂B) ∩ K = {x}, a contradiction.
(4) This is due to Xie and Liu [13]. The paper [13] is written in Chinese, so we sketch the proof. Let X be a Fréchet
space with a σ -CF quasi-base B =⋃n∈ω Bn . Let x ∈ X . For each n ∈ ω, let B′n = {B ∈ Bn: x ∈ IntX B}. By (3) in this lemma,
x ∈ IntX (⋂B′n). Hence {IntX (
⋂B′n): n ∈ ω} is a countable neighborhood base at x, thus X is ﬁrst-countable. We may assume
both Bn ⊂ Bn+1 and each Bn is closed under ﬁnite unions. Under this assumption, B is a σ -CF pseudo-base for X . Since
every ﬁrst-countable space with a σ -CF pseudo-base is metrizable [10, Theorem 4.2], X is metrizable. 
Theorem 2.10. Every k-space with a σ -CF quasi-base is metrizable.
Proof. Let X be a k-space with a σ -CF quasi-base B = ⋃n∈ω Bn . We have only to show that X is Fréchet in view of
Lemma 2.9(4).
Suppose X is not Fréchet. Then there is a subset A ⊂ X such that S(A) is not closed in X , where s(A) is the set of
all limit points of convergent sequences in A. Since X is sequential by Lemma 2.9(2), there are a point x ∈ X \ s(A) and a
sequence {xn: n ∈ ω} ⊂ s(A) \ A converging to x. For each n ∈ ω, take a sequence {xn,m: m ∈ ω} ⊂ A converging to xn .
For each n,m ∈ ω, let
Bn,m =
{
B ∈ Bn: {x} ∪ {xn: nm} ⊂ IntX B
}
.
Using the same argument as in Lemma 2.9(3), for each n,m ∈ ω we can take a function fn,m : (ω \m) → ω satisfying
C( fn,m) =
{
xi, j: i m, j  fn,m(i)
}⊂
⋂
{B: B ∈ Bn,m}.
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base for X , there is B ∈ B with x ∈ IntX B ⊂ B ⊂ U . Let B ∈ Bn,m for some n,m ∈ ω. Then C( fn,m) ⊂ B . For each k ∈ ω, let
Nk =⋂{C( fn,m): n,m k}. Obviously each Nk is non-empty and Nk+1 ⊂ Nk . Take an arbitrary point yk ∈ Nk for each k ∈ ω.
Then {yk: k ∈ ω} is a sequence in A converging to x. This is a contradiction. 
3. Answers to other questions
In this section we answer to Questions 3 and 11 in [6].
Deﬁnition 3.1. Let f : X → Y be an onto map. f is sequence-covering in the sense of Gruenhage, Michael and Tanaka [3] if
whenever {yn: n ∈ ω} is a sequence in Y converging to y ∈ Y , there is a compact set K ⊂ X with f (K ) = {x} ∪ {xn: n ∈ ω}.
f is sequence-covering in the sense of Siwiec [12] if whenever {yn: n ∈ ω} is a sequence in Y converging to y ∈ Y , there is
a sequence {xn: n ∈ ω} in X converging to a point x ∈ f −1(y) such that xn ∈ f −1(yn). f is bi-quotient [9] if whenever y ∈ Y
and U is an open family in X covering f −1(y), there is a ﬁnite subfamily V ⊂ U such that f (⋃V) is a neighborhood of y
in Y . f is compact if each ﬁber of f is compact.
Question 3.2. ([6, Question 3]) Characterize the spaces Y such that every sequence-covering map in the sense of Gruenhage,
Michael and Tanaka onto Y is bi-quotient.
Lemma 3.3. If a space X is the union of ﬁnitely many convergent sequences, then every non-isolated point of X has an open neighbor-
hood which is a non-trivial convergent sequence.
Proof. Let {x0, . . . , xn} be the set of non-isolated points of X . For each i  n, take an open neighborhood Ui of xi such that
Ui ∩ U j = ∅ for i = j. Each Ui is a non-trivial convergent sequence. 
Proposition 3.4. For a space Y , the following are equivalent.
(1) Every sequence-covering map in the sense of Gruenhage, Michael and Tanaka onto Y is bi-quotient;
(2) Every sequence-covering map in the sense of Siwiec onto Y is bi-quotient;
(3) Every non-isolated point of Y has an open neighborhood which is a non-trivial convergent sequence.
Proof. (1) implies (2) obviously.
(2) → (3). Let {Aα}α<κ be the set of all convergent sequences in Y , where all ﬁnite sets of Y are also enumerated.
Let ϕ be the natural map from the topological sum X =⊕α<κ Aα onto Y . Since ϕ is sequence-covering in the sense of
Siwiec, it is bi-quotient by our assumption. Let y be a non-isolated point of Y . Since {Aα: α < κ, y ∈ Aα} is an open
family in X covering ϕ−1(y), there are α0, . . . ,αn and an open set U of Y such that y ∈ U ⊂ ϕ(Aα0 ∪ · · · ∪ Aαn ). Note that
ϕ(Aα0 ∪ · · · ∪ Aαn ) is the union of ﬁnitely many convergent sequences and the point y is non-isolated in ϕ(Aα0 ∪ · · · ∪ Aαn ).
By Lemma 3.3, y has an open neighborhood V in ϕ(Aα0 ∪ · · · ∪ Aαn ) which is a non-trivial convergent sequence. The set
U ∩ V is an open neighborhood of y in Y which is a non-trivial convergent sequence.
(3) → (1). Let ϕ be a sequence-covering map in the sense of Gruenhage, Michael and Tanaka from a space X onto Y . Let
y ∈ Y and let U be an open family in X covering ϕ−1(y). If y is isolated in Y , take an arbitrary U ∈ U with U ∩ϕ−1(y) = ∅.
If y is non-isolated in Y , take an open neighborhood V of y which is a non-trivial convergent sequence and a compact set
K ⊂ X with ϕ(K ) = V . Take a subfamily {U0, . . . ,Un} ⊂ U with K ∩ ϕ−1(y) ⊂ U0 ∪ · · · ∪ Un . Since ϕ(K \ (U0 ∪ · · · ∪ Un)) is
ﬁnite, y is in the interior of ϕ(U0 ∪ · · · ∪ Un) in Y . 
Question 3.5. ([6, Question 11]) Is the regular image of an ℵ0-space under an open and compact map an ℵ0-space?
We give a counterexample of this question. Our example is a slight modiﬁcation of Michael’s example.
Example 3.6. First we cite Michael’s example in [8, Example 2.7]. Let Y be the butterﬂy space of L.F. McAuley, which is
deﬁned as follows: Let Y be the upper half-plane, and let A ⊂ Y denote the x-axis. Points in Y \ A have ordinary plane
neighborhoods. A base for the neighborhoods of a point y ∈ A consists of all sets Nε(y) (ε > 0), where Nε(y) consists of
y together with all points z ∈ Y having distance < ε from y and lying underneath the union of the two rays in Y which
emanate from y and have slopes ε and −ε, respectively. The butterﬂy space is not an ℵ0-space, see [8, Example 12.1].
Let p ∈ βω \ ω, where βω is the Stone–Cˇech compactiﬁcation of ω. Let P = ω ∪ {p}. Deﬁne X ⊂ Y × P by
X = ((Y \ A) ×ω)∪ (A × {p}).
Let π : Y × P → Y be the projection, and let f = π |X . Then X is an ℵ0-space and f is open [8, Example 12.7]. Since each
f −1(y), y ∈ Y \ A, is an inﬁnite discrete space, f is not compact.
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Y \ A =⋃{Cn: n ∈ ω}. Let
Z = X \
(⋃{
Cn × {n}: n ∈ ω
})
.
Let g = f |Z : Z → Y . Obviously g is onto Y and each ﬁber of g is ﬁnite (hence compact).
We see g is open. Let U be a basic open neighborhood of a point z ∈ Z . If z = (y,n) for some n ∈ ω, g(U ) is obviously
open in Y . If z = (y, p), there are ε > 0 and F ∈ p such that U = (Nε(y) × ({p} ∪ F )) ∩ Z . Let k = min{n: n ∈ F }. Then
g(U ) = Nε(y) \ Ck , thus open in Y .
Consequently the butterﬂy space is an open and compact image of an ℵ0-space.
We note that under a strong condition on ﬁbers of a map Question 3.5 is positive.
Deﬁnition 3.7. Let P be a family of subsets of a space X . Then P is a cs-network [4] if for any sequence {xn: n ∈ ω} in X
converging to a point x ∈ X and any neighborhood U of x, there are P ∈ P and m ∈ ω such that {x} ∪ {xn: nm} ⊂ P ⊂ U .
P is a cs∗-network [2] if for any sequence {xn: n ∈ ω} in X converging to a point x ∈ X and any neighborhood U of x, there
are P ∈ P and an inﬁnite set A ⊂ ω such that {x} ∪ {xn: n ∈ A} ⊂ P ⊂ U .
Lemma 3.8. Every space with a countable cs∗-network is an ℵ0-space.
Proof. Let X be a space with a countable cs∗-network P . By the same argument as in [7, Lemma 8], the family {⋃F : F is
a ﬁnite subfamily of P} is a countable cs-network for X . Since every space with a countable cs-network is an ℵ0-space [4],
X is an ℵ0-space. 
Proposition 3.9. Let f : X → Y be an open onto map satisfying that there is k ∈ ω with | f −1(y)|  k for each y ∈ Y . If X is an
ℵ0-space, then Y is also an ℵ0-space.
Proof. Let P be a countable pseudo-base for X . By Lemma 3.8, we have only to show the countable family { f (P ): P ∈ P}
is a cs∗-network for Y .
Let {yn: n ∈ ω} be a sequence in Y converging to a point y ∈ Y and let V be an open set in Y containing {y} ∪
{yn: n ∈ ω}. For each n ∈ ω let f −1(yn) = {xn,0, . . . , xn,k−1}, where xn,i = xn, j may occur for i = j. Take an arbitrary point
x ∈ f −1(y). Suppose that for any inﬁnite set A ⊂ ω and any l < k, {xn,l: n ∈ A} is not a convergent sequence to x. First since
{xn,0: n ∈ ω} is not a convergent sequence to x, there are an open neighborhood U0 of x and an inﬁnite set A0 ⊂ ω such
that U0 ∩{xn,0: n ∈ A0} = ∅. Next since {xn,1: n ∈ A0} is not a convergent sequence to x, there are an open neighborhood U1
of x and an inﬁnite set A1 ⊂ A0 such that U1 ∩ {xn,1: n ∈ A1} = ∅. Repeating this operation, we obtain open neighborhoods
U0, . . . ,Uk−1 of x and inﬁnite sets Ak−1 ⊂ · · · ⊂ A0 ⊂ ω. Then (U0 ∩ · · · ∩ Uk−1) ∩ f −1(yn) = ∅ for each n ∈ Ak−1. Since
f (U0 ∩ · · · ∩ Uk−1) is an open set containing y, this is a contradiction. Thus there are an inﬁnite set A ⊂ ω and l < k such
that {xn,l: n ∈ A} is a convergent sequence to x.
Take P ∈ P with {x} ∪ {xn,l: n ∈ A} ⊂ P ⊂ f −1(V ). Then {y} ∪ {yn: n ∈ A} ⊂ f (P ) ⊂ V . Thus { f (P ): P ∈ P} is a cs∗-
network for Y . 
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